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Abstract -- A theoretical approach has been developed to model the vibrational modes of amorphous, 
two-dimensional materials.  The method considers that the vibrational density of states is composed 
primarily of states originating from embedded ring structures of medium-range order.  The materials are 
modeled as continuous random networks comprised of a statistical distribution of symmetric, planar rings 
with four to eight members.  The rings are treated as local structural units embedded in the material, 
similar to molecules within a solid. The ring potentials are approximated with a valence force model 
(bond-stretching and bond-angle-bending force constants) modified by a third harmonic, effective force 
constant coupling the rings to the surrounding network.  The molecular dynamics of the rings are analyzed 
with the use of group theory, and the frequencies are calculated using a normal coordinate treatment. The 
utility of the embedded ring approach lies in its use of the material's ring statistics and ring mode 
frequencies, allowing determination of the structure of an amorphous material from its vibrational spectrum 
or prediction of vibrational spectra and density of states from structural models.  The method is applied 
here to various graphitic carbon materials as a test case and predicts a set of force constants and Raman 
spectra consistent with previous data and structural models. 
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1.  INTRODUCTION 
 
     Modeling the vibrational dynamics of amorphous materials presents a more difficult problem than that 
posed by crystalline materials.  The presence of long-range translational order in crystals allows analytical 
solution of the equations of motion by introduction of the Born-von Karman periodic boundary condition 
[1].  In contrast, amorphous materials lack long-range order and are not amenable to the well-established 
analytical treatments. The aperiodicity of amorphous solids necessitates the use of statistical descriptions in 
structural models.  As a consequence, other theoretical approaches have been developed to model the 
vibrational dynamics of amorphous materials [2].  A majority of these are numerical approaches.  The 
analytical approaches developed to date can be applied only to a few specific materials and yield only 
qualitative results.  No generalized analytical approach has yet been found to model the dynamics of 
amorphous materials. 
     This paper addresses the problem of the vibrational dynamics of 2D amorphous materials by 
developing an embedded ring approach (ERA), which is based upon statistical distributions of a prevalent 
medium-range structural unit--the planar ring.  The approach is a hybrid method which uses concepts from 
both previous analytical and numerical methods to predict vibrational states.  It embodies both the use of 
local dynamics (analytical approaches) and the use of mathematical techniques to account for the influence 
of an  embrasive disordered network.  The ERA is also closely related to numerical approaches, since the 
vibrational mode intensities in the vibrational density of states (VDOS) are directly computed from the ring 
statistics of a representative network cluster. 
     In the next section, we discuss the relation of our embedded ring approach to other methods used to 
determine vibrational dynamics of amorphous solids.  This is followed by a detailed description of our 
computational methods. There we determine the in-plane vibrational modes of n=4, 5, 6, 7, and 
8-membered coupled,  symmetric, planar rings using Born force constants for bond-stretching and 
bond-angle-bending with an additional force constant used to couple the rings to the surrounding network.  
In Section 4, we present calculations of force constants and Raman spectra, based on structural models of 
various graphitic carbon materials, as a test of the ERA.  In particular, we have studied graphitic 
amorphous carbon (g-C), which provides a simple (nearly 2D, with a single type of atom and one dominant 
bond type), prototypic example of a large class of continuous random network (CRN) solids in which ring 
or cluster vibrations cannot be fully decoupled from the network in which they are embedded.  Extension 
of the ERA to 2D polyatomic and 3D amorphous materials is reviewed in the last section. 
 
2. Background 
 
     Various numerical approaches attempt to predict the vibrational density of states (VDOS) for 
amorphous materials by considering fairly large clusters of atoms (50-1500 or more atoms) [2,3].  These 
approaches solve the eigenvalue problem as formulated with the use of quantum mechanics.  Such 
approaches require some method to determine the static structure of the large cluster and often employ 
periodic boundary conditions.  In the cluster-Bethe-lattice method [2,4,5,6], a cluster is extracted from a 
disordered network, and the influence of the missing embrasive network is modeled by attaching a 
branching structure (the Bethe lattice) onto each dangling bond at the edge of the cluster.  The Bethe lattice 
models the influence of the missing embrasive network by eliminating the edge or surface effects which 
arise from plucking a finite cluster out of an infinite network.  Other numerical methods (e.g., equation of 
motion [2], recurrence [2] and quantum Monte= Carlo [7] method) have been reviewed elsewhere. 
     Analytical approaches examine the local dynamics of small cluster of atoms (2 to about 8 atoms) in a 
disordered network [2].  For bonds in such networks showing a high degree of covalency, the 
bond-stretching force constants typically exceed the bond-angle-bending force constants by a factor of five; 
t herefore, only bond-stretching forces are usually considered [2].  Vibrational frequencies are calculated 
for a local arrangement of atoms in the network, such as a tetrahedrally- or octahedrally-coordinated cluster 
of atoms.  The calculations derive from simple expressions (solutions to either Lagrange's equations or 
Newtonian equations of motion) and relate frequency to the atomic masses, bond-stretching force 
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constants, and bond angles.  The expressions yield bands of frequencies, with band limits determined by 
simple criteria and band peaks centered on non-zero vibrational modes. 
     The vibrational properties of materials are determined to a large extent by the local arrangement of 
atoms [2, 8-10].  This is especially significant for amorphous materials, which lack long-range order but 
display limited short-range order, and perhaps even medium-range order. Thus, one approach is to model 
the structure with a statistical distribution of some small number of short- or medium-ranged structures.  In 
such an approach, a structural unit must be identified in an amorphous material to supplant the crystalline 
unit cell; further, one must determine the coupling between adjacent amorphous structural units in analogy 
to periodic boundary conditions in crystals.  As an example, the lattice vibrations of crystalline silicon 
result primarily from the local four-coordinated tetrahedral structure of the silicon atoms.  Many aspects of 
the dynamics of crystalline silicon can be derived from this local structure, in particular the general 
characteristics of the VDOS [2,8].  The local tetrahedral structure persists in amorphous silicon, with 
disorder resulting in a distribution of bond lengths and bond angles.  By incorporating these effects of 
disorder in the VDOS, the dynamics of amorphous silicon have been extrapolated.  The results agree 
qualitatively with the experimentally-determined VDOS of amorphous silicon [2,6]. 
     The use of short-range order (local atomic arrangement) provides an analytical approach for 
determining the vibrational dynamics of 3D amorphous solids.  The technique can be applied to 2D 
amorphous materials as well, once a basic, local structural unit is chosen.  For 2D covalently-bonded 
systems, a natural local structural unit (analogous to the silicon tetrahedron) is the three-coordinated, planar 
arrangement of four atoms forming a triangular cluster [Figure 1(a)].  Alternately, such small clusters can 
be arranged to form rings of diverse sizes [Fig.  1(b)].  These larger structural elements can better model 
medium-range order present in 2D CRN materials and, in essence, provide a correction to 
Zachariasen-Warren CRN models based on short-range order [5,11].  The contribution of the ring modes 
of vibration to the VDOS are significant, and yet such contributions would be neglected with the use of the 
smaller triangular cluster as the basic unit. 
     Galeener [12-14] used rings as basic structural units for the analysis of amorphous solid dynamics but 
limited the analysis to specific vibrational modes of silica rings isolated from the random network of the 
glass.  His analysis revealed that the sharp features in the Raman spectra of amorphous silica modes arise 
from the oxygen breathing modes of SiO2 rings of various sizes which are vibrationally decoupled from the 
surrounding atoms, effectively isolating the ring modes from the long-range disorder.  Galeener showed 
that vibrational decoupling of the rings is achieved by a cancellation of central forces with noncentral forces 
at the silicon atoms.  Other silicate and borate glasses display similar ring-mode decoupling [10,11,15-19].  
The sharp peaks observed in these cases are anomalies, since vibrational spectra of amorphous material 
generally have broad features which blend into a continuum.  The broadening of features is a consequence 
of disorder and the relaxation or breakdown of Raman selection rules. 
     Although nearly complete ring-mode decoupling will occur only for a few materials of certain 
compositions and structures, the use of ring vibrational modes presents a fruitful approach for analytically 
determining the vibrational characteristics of amorphous materials [11,19].  Recently, Galeener et al. 
extended their work on decoupled rings [12-14] to ring structures in 3D CRN's which were coupled to the 
surrounding network using a Bethe-lattice method [5].   In contrast to amorphous silica, the ring motions 
in an amorphous CRN material will in general be coupled to the collective motions of the network.  CRN's 
arise from the disordered arrangement of atoms or molecules with highly directional covalent bonding, 
resulting in a low coordination number.  CRN's have been most successfully applied to covalent inorganic 
glasses with binary compositions.  In addition to As2Se3 and As2S3, typical glass-forming binary 
compounds include B2O3, SiO2, GeO2, P2O3, As2O5, and As2O3 [20].  Figure 1(c) presents a Zachariasen 
schematic [20] of a CRN for an A2B3-type compound.  The numbers of rings as a function of size are the 
ring statistics for the structure [Fig. 1(d)], and this distribution of n-membered rings (n=3 to about 10) 
provides a method of characterizing the 2D CRN.  Ring statistics for real glasses are difficult to determine 
experimentally.  However, ring statistics for vitreous SiO2, B2O3, and various SiO2-B2O3 glasses have been 
determined with the use of infrared and Raman spectra [17].  Raman spectra may also be used to determine 
the ring statistics for various silicate glasses [15]. 
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     Our embedded ring approach builds upon Galeener's results [12-14] by expanding upon the use of 
rings as structural units for vibrational modes.  Instead of being limited to the specific cases of ring 
mode-network decoupling in some materials, we consider the more general case of ring modes coupled to a 
CRN.  Ring modes are calculated from basic principles using techniques developed for study of molecular 
dynamics.  A simple method is then introduced to couple the rings to the CRN.  The modified mode 
frequencies and the ring statistics are then used to predict theoretical spectra for comparison with real 
vibrational spectra of materials.  Indirect comparison can, thus, be made between a material's atomic 
structure and the model structure. 
 
3.  Methods 
 
     A ring of atoms embedded in a 2D network can be treated as a molecular entity, and methods used for 
determining molecular vibrations are directly amenable for determining the ring motions.  Introduction of 
our method for coupling each ring to the network introduces the only modification required.  Our use of an 
harmonic, effective force coupling constant is perhaps the simplest way to model the difficult problem of 
coupling a statistical distribution of structures to the embedding disordered network.  For example, a 
6-membered carbon ring in amorphous carbon can be described as a benzene-like ring embedded in a 
random network.  The hydrogen bonds of the benzene molecule are modified to represent the effective 
ring-network coupling [Fig. 2(a)], which results in a modification of the ring motions and frequencies.  For 
the dynamics of an amorphous CRN material, the in-plane vibrational frequencies for 4-, 5-, 6-, 7-, and 
8-membered carbon rings have been derived to account for the distribution of ring sizes in a network [21]. 
 
3.1  Embedded ring approach model 
     The structural model for the ERA is constructed by extracting an n-membered ring of monatomic or 
polyatomic composition [Figs. 2(a) and 2(b)] from the network.  The bonds joining the atoms in the ring 
retain the normal force constants expected for atom-atom bonding in the material.  The bonds joining the 
ring atoms to the rigid wall, however, represent the coupling between the ring and the network.  The ERA 
attempts to account for the effects of the network's collective motions on the ring through an effective 
coupling force constant, fc.  fc then is not the normal atom-atom bond-stretching force constant, but a 
weighted force constant modified to reflect the random network's influence on the ring.  The motions of 
the rings are then solved with the use of conventional techniques from classical mechanics, and frequencies 
for the modes of oscillation for each n-membered ring are extracted. 
     For a first-order approximation of the atomic potentials, a central force model is often employed, with 
only a bond-stretching force constant, fr, and appropriate kinetic energy terms used in the calculations.  The 
calculations are simple and straight forward, requiring only the application of the standard methods of small 
oscillations [22,23].  The valence force model used here provides a second-order approximation, 
incorporating not only fr, but also a bond-angle-bending force constant, fΘ.  Angular kinetic energy terms 
are included, and the number of internal coordinates required also increases.  The valence force model 
used here precludes the use of second and third nearest-neighbor interaction terms by imposing a rigid 
"wall" between the ring atoms and the random network.  Limiting the ERA to a simple valence force 
model with only nearest-neighbor interactions presents a justifiable approximation for amorphous 
materials; most previous studies employ only a central force approximation [2]. 
     The valence force model is a more accurate model than the central force model, but at the expense of 
quadrupling the complexity of the calculations.  In addition to the two translational displacement 
coordinates (decoupled in the central force model), two angular coordinates are also required for each atom 
in the embedded ring to account for bond angle bending.  This increases the total number of coordinates for 
the n-membered embedded ring system from 2n to 4n.  Additionally, coordinate cross-product terms 
which vanish in the central force model do not vanish in the valence force model.  Finally, the kinetic 
energy matrix coefficients will be different for each n-membered ring, since the bond angles differ for each 
n-membered ring.  Consequently, the secular determinant for an n-membered ring expands from n x n for 
the central force model to 4n x 4n. 
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3.2  Determination of frequency modes 
     The application of group theory and the normal coordinate treatment to the ERA becomes essential 
when a valence force model is adopted.  The utility of group theory goes beyond that of managing the 
calculations.  It provides insights into the most probable modes of oscillation for the rings and shows the 
dependence of vibrational frequency on variations in bond length and force constants.  By approximating 
the configurations of the embedded rings with planar regular polygonal shapes, full advantage can be taken 
of symmetry elements and their corresponding symmetry operations.  (Barrio et al. [5] provide arguments, 
based on minimization of network energy, that regular rings are favored.  In carbon materials, extended 
π-bond interactions favor planar structures [24].)  The symmetry elements of a ring allow classification of 
the ring to a molecular symmetry point group.  Vibrational species, fundamental modes, Raman active 
modes, and infrared active modes for the embedded rings are obtained from the character tables of their 
corresponding point groups [25-28].   
     Only in-plane vibrational modes (appropriate for the 2D systems studied here) of monatomic 
n-membered rings have been examined to date.  The respective point groups for the 4- to 8-membered 
symmetric rings (regular polygons) are D4h, D5h, D6h, D7h, and D8h.  Table 1 lists the in-plane vibrational 
species, fundamentals, and Raman active fundamentals for the 4- to 8-membered rings.  Each embedded 
ring has 2n-3 vibrational degrees of freedom in 2D (i.e., 2n-3 in-plane fundamentals).  Two degrees of 
freedom are subtracted for translation of the ring's center of mass, and one is subtracted for rigid rotation of 
the ring (corresponding to A2g or A2N modes).  The Raman active modes include the A1g or A1N modes 
(symmetrical breathing modes) and the E2g or E2N modes (elongation along an in-plane symmetry axis) 
which have similar motions  for all sized rings. Figure 3 illustrates the fundamental, in-plane modes for 
7-membered rings.  Comparable figures for the other size rings are found in Doyle [21]. 
     The secular equation, Vi,j-ω2Ti,j=0, where V and T are the potential and kinetic energy matrices, 
respectively, can alternatively be expressed as *gf-Iω2*=0, written in terms of internal coordinates (I is the 
identity matrix).  The f (potential energy) matrix terms include only three force constants:  fr 
(corresponding to the coordinate t), fc (corresponding to the coordinate s), and fΘ (corresponding to the 
coordinates, α and β).  No interaction terms are included, and the resulting f matrix is diagonal in  form.  
The g matrix is more amenable to solution of the secular equation [23,27,28] and is related to the kinetic 
energy matrix by 2T=j
i , j
gij pi pj.  Here pi is the momentum conjugate to qi, the i
th internal coordinate; the 
gij's are the g matrix elements; and the summation is over both coordinate sets, i and j. 
     The internal coordinates selected for the valence force model were those used by Wilson et al. [23,29] 
in their  vibrational analysis of the benzene molecule and are displayed in Fig. 2(c).  The coordinates, t 
and s, are the atom-atom bond distance displacement and the atom-rigid wall bond distance displacement, 
respectively.  The coordinates, α and β, are not the standard bond angle displacements but rather the 
change in the internal ring angle (α) and the angle between the internal ring angle bisector and the 
atom-rigid wall bond (β). 
     A further transformation was made from internal coordinates to symmetry coordinates (see Table 2) 
using the character tables.  The value of the symmetry coordinates lies in their ability to transform the f and 
g matrices into factored potential energy and kinetic energy matrices [the F and G matrices in Table 3(a)].  
These factored matrices allow partitioning of the original 4n x 4n secular determinant given by *GF-Iω2*=0 
into smaller 2 x 2 and 4 x 4 secular determinants, each corresponding to a particular vibrational species.  
Transformation of the f matrices yielded diagonal F matrices with the force constants as the diagonal 
elements.  Transformation of the g matrix yielded G matrices with elements comprised of linear 
combinations of g matrix elements [Table 3(b)]. 
     The g matrix elements for the embedded rings were determined by the use of the vector method 
described by Wilson et al. [23].  Atomic masses, bond angles, and bond distances are used to construct the 
g matrix elements.  To use the vector method, each bond is required to terminate at an atom with a given 
mass.  A hypothetical atom with infinite mass is, therefore, placed at the outer end of the coupling bond, 
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since no atom exists there in the structural model for the embedded ring.  The infinite mass fixes the end of 
the coupling bond to the rigid wall.  This presents no difficulty in the g matrix elements because only the 
reciprocal of the masses appears.  Some of the terms in the g matrix elements consequently vanish. 
     These secular determinants [see Table 3(c)] were solved, the roots of the resulting polynomials were 
obtained, and the frequencies, ω, and eigenvectors for each mode were determined.  Vibrational species 
were assigned to each mode of oscillation by examining the symmetry operations denoted by the 
displacements. 
 
4.  Application to Graphitic Carbon 
 
     To study the efficacy of our embedded ring approach, we applied the method described above to the 
study of the Raman spectra of graphitic carbon materials.  We restrict the studies here to carbon materials 
with almost totally sp2 bonding, which have structures which can be described in terms of ring statistics.  
Vibrational (Raman) spectra were modeled using the frequencies determined from the embedded ring 
approach, Raman selection rules, and ring statistics for various structural models.  Raman spectroscopy is 
an appropriate dynamical probe, as it is extremely sensitive to both medium- and short-range structural 
order in g-C [30]. 
     Raman spectra of large single crystal graphite [Fig. 4(a)] exhibit a single high frequency line (E2g 
mode) at 1581 cm-1.  A breakdown of Raman selection rules allows the A1g mode near 1360 cm-1 to 
become Raman active in nanocrystalline graphite [Fig. 4(b)] [31,32].  The n=6 A1g (abbreviated 6A1g) and 
similar A1-type modes are Raman active for isolated rings (see Table 1), so the appearance of 6A1g in 
nanocrystalline graphite is not unexpected.  The broad, asymmetric Raman spectrum of g-C [Fig. 4(d)] is 
of a commercially available evaporated amorphous carbon sample [33] which has been well characterized 
[34,35] and has a Raman spectrum very similar to other published g-C spectra [30,36]. 
 
4.1 Comparison with polycyclic aromatic hydrocarbons 
     To determine whether local vibrational modes of 2D CRN's, such as g-C, can be modeled by studying 
the modes of individual rings, we examined the effects of ring coupling in a systematic fashion for 
symmetric benzenoid (n=6) rings by analyzing the specific mode frequencies corresponding to the A1g and 
E2g peaks of nanocrystalline graphite for 16 successively larger polycyclic aromatic hydrocarbon (PAH) 
molecules (Fig. 5).  The graphite E2g [A1g] mode had atomic motion most similar to totally symmetric, 
Raman active, predominately bond-stretching, quinoidal-type [Kekule-type] PAH modes, based on 
Cartesian displacement diagrams, ring motion analysis, and potential energy distribution analysis.[37-41]  
These published frequencies have <2% deviation for from two to 13 rings. This demonstrates that the 
coupling and frequency for a nearly isolated molecular ring mode, modified by the addition of even a few 
surrounding carbon rings, approach values of an infinite, ordered network of 6-membered rings  
(graphite).  That is, these frequencies are relatively insensitive to a longer-range medium-range order of 
ring clusters.  Therefore, we expect similar frequencies for a given n-membered ring in an infinite raft of 
regular rings (e.g., graphite), smaller structures of regular rings (e.g., PAH molecules), larger (e.g., 
Beeman's model [24]) and smaller (e.g., models of Galli et al. [42] and Ho and coworkers [43]) quasi-2D 
CRN amorphous ring structures, or single rings coupled only to nearest neighbor rings (e.g., the ERA). 
 
4.2  Determination of force constants 
     Application of the ERA requires determining a set of force constants which approximate the covalent 
bonding forces for the specific 2D amorphous  material and the network coupling to be studied.  Both the 
bond-stretching and bond-angle-bending force constants can be obtained from either atomic force 
calculations or derived from spectroscopic measurements of crystalline compounds containing the same 
type of atomic bonds.  The effective coupling force constant is arrived at by examining the network 
motions and the relative motions of the ring atoms with respect to the network atoms for each vibrational 
mode. 
     The ERA force constants applicable to g-C were determined uniquely by satisfying three constraints 
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based on physical intuition.  The secular equations for the Raman active 6A1g and 6E2g modes were 
constrained to match the experimental frequencies (1360 cm-1 and 1581 cm-1, respectively, using the Ar 
2.41 eV line) of nanocrystalline graphite with a bond length of t=1.42 Å.  In addition, fc was set equal to 
2fr. 
     Physically, we expect η/fc/fr to be less than or equal to two.  In the 6-membered ring A1g and E2g 
modes of nanocrystalline graphite (see Fig. 5), each network atom moves with the same displacement but in 
opposite direction to the adjacent embedded ring atom with which it is coupled.  By replacing the network 
atom with a rigid wall, the effect of the opposing motions of the network atoms can be accommodated with 
an effective coupling force constant twice the bond-stretching force constant (fc=2fr).  A cursory 
examination of 6-membered ring mode motions (with respect to network atom motions) concludes that the 
A1g, E2g and B1u modes are sufficiently modeled with fc=2fr, but the B2u and E1u modes are not.  The same 
coupling force constant (fc=2fr) would also be most appropriate for the n=4 A1g and B1g modes, the n=5 A1N 
mode, the n=7 A1N mode, and the n=8 A1g, B1g and B2g modes.  Relative motions for other modes suggest 
η#2.  Deviation from symmetric or planar rings or rafts also leads to 0#η<2. 
     The above scenario is analogous to the 1D problem of two masses joined by a spring.  The two 
mass-spring system, Figure 6(a), oscillates with a frequency of ω = %2k/m, and the two masses move in 
opposite directions, with a node at the center of mass.  Placing an imaginary rigid wall at the center of mass 
[see Fig. 6(b)] results in a system which oscillates at a frequency of ω = %kN/m for which kN is the force 
constant of the spring in the new system.  To oscillate at the same frequency as the two mass-spring 
system, kN = 2k.  In the embedded ring system, k corresponds to fr, and kN corresponds to fc.  Therefore, 
fc=2fr to accurately accommodate the effect of the network on the motions on the embedded ring. 
     The three constraints yielded fΘ/t2=55 N/m, fr=436 N/m, and fc=873 N/m for graphitic carbon with 
t=1.42 Å.  These are comparable to values reported in the literature for nearest-neighbor force constants for 
graphite and sp2-bonded g-C of 25#fΘ/t2#267 N/m and 313#fr#459 N/m [24,44].  Figure 7 shows the 
values of η for a range of values for fr and fΘ/t2 subject only to the constraints to match the two experimental 
frequencies.  When subject to the additional constraint, fc=ηfr (dashed line in Fig. 7), we find that for fΘ/t2 
to be positive η>1. 
      Table 4 shows frequencies calculated from the ERA for all fundamental in-plane modes of the five 
sizes of rings (this excludes low frequency rigid translation and rotation A2-type modes).  The eleven 
modes which are Raman active for isolated (fully decoupled) symmetric rings are shown in italics in Table 
4; these are the modes used to fit the Raman spectra of graphitic carbon below.  The A and B-type modes in 
the valence force model result in 2 x 2 secular determinants with one non-zero root.  The E-type modes 
have 4 x 4 secular determinants with two non-zero roots. 
     We have also investigated the dependence of the force constants and resulting frequencies on three 
parameters of interest.  As discussed above, we expect 1#η#2, depending on the strength of the coupling 
of the rings to the surrounding network which, in turn, depends on motions for the specific mode, deviation 
from symmetric planar rings and rafts, bond type, and the nature of the network structure.  The dependence 
of the Raman active A1- and E2-type modes on η is shown in Fig. 8(a).  The bond lengths for carbon 
materials considered here do not deviate too much from the bond length in graphite.  However, the 
eigenfrequencies change over even a limited range of bond lengths, as shown in Fig. 8(b).  Fits e and e' 
[refer to Fig. 4(a) and Table 5] illustrate the effect of bond length on predicted Raman spectra.  The 
position of the lower Raman peak (often referred to as the D-band) observed in nanocrystalline graphite and 
nanotubes [45] and g-C [46] has been found to vary linearly with laser excitation energy [30].  Substitution 
of this energy-dependant peak position in the constraining equations yields the eigenfrequencies shown in 
Fig. 8(c). 
 
4.3  Raman spectra for graphitic carbon 
     A series of fits (see Table 5 and Fig. 4) to Raman spectra of graphitic carbon materials has been made  
based on the frequencies calculated from the ERA (see Table 4) and existing structural models of the 
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materials which include ring statistics.  All these first order Raman spectra used unpolarized scattering and 
the Ar 2.41 eV laser line. 
     The fitting parameters considered were the overall intensity of the spectra, the ratio cA/cE of 
proportionality constants for A1-type to E2-type mode intensities, peak widths for the two mode types and, 
for some fits, the bond length.  The fitting parameters are listed in Table 5.  Fits to crystalline samples (fits 
a-c) use Lorentzian lineshapes with a width, Γ, resulting from finite lifetime broadening.  The additional 
width of peaks for amorphous samples is due primarily to the distribution of bond angles for asymmetric 
rings of various sizes and to the sampling of non-zero-center phonons.  This additional width of each mode 
is modeled as a Gaussian distribution in a manner similar to that used in analyzing a-SiO2 spectra.[41]  We 
consider two lineshapes for amorphous materials peaks, an adjustable width Gaussian lineshape and a 
composite lineshape with an adjustable width Gaussian convoluted with a fixed width (set to values from fit 
b) Lorentzian. 
 
4.3.1  Crystalline graphite 
     Figures 4(a) and 4(b) show fits to the Raman spectrum of single crystal graphite and nanocrystalline 
graphite, respectively.  Agreement is quite good for both spectra.  This is to be expected, since the 
positions of these peaks were used as constraints to determine the appropriate force constants.  The 
intensity ratio of the two peaks in Fig. 4(b) can be used to infer an in-plane coherence length of 34 Å for the 
nanocrystalline sample, as described in Ref. 31.   
 
4.3.2  C60 Fullerene 
     The limitations of an embedded ring approach are fully apparent in the fit to the Raman spectrum of 
powdered C60 shown in Fig. 7(c).  Again, the peak positions were determined from our calculations, and 
the intensities were related to the ring statistics for a C60 molecule.  Neither the peak positions nor 
intensities are predicted well. 
     This result is not surprising.  Our model fails to take into account the full symmetry of the molecule, 
and our coupling method is insufficient to model interaction between the rings in such a small molecule.  
Further, adjacent rings in C60 are far from planar.  Vibrational dynamics of much larger fullerene cages 
should be modeled better by the ERA, as these concerns are reduced for larger molecules. 
 
4.3.3  Disordered carbon 
     The first significant test of the use of the ERA for amorphous materials was the study of g-C  
commercially prepared using arc evaporation at room temperature.[33]  This material has been well 
characterized in previous studies.[21,33-35]  Figures 4(d) and 4(e) show fits to the Raman spectrum of 
g-C, using two prominent models of amorphous carbon which have complete trivalent bonding and provide 
predictions for ring statistics [24,48]. 
     To estimate the Raman intensity from the ring statistic for g-C, we modified the integrated peak 
intensities with a reduced Raman weighting factor.  For amorphous, disordered, and liquid materials, the 
frequency weighted reduced Raman intensities are approximately constant for modes within a band (e.g., 
the A1- or E2-type modes) and are approximately proportional to the VDOS and, hence, (in our model) the 
ring statistics [2,36,49].  In this approximation, the measured intensity for a Raman peak is proportional to 
I0Nncb{[n(ω)+1]/ω}, where I0 is the incident radiation intensity, Nn are the ring statistics for n-membered 
rings, cb is a proportionality constant for band type b, the term in curly brackets is the reduced Raman 
weighting, and n(ω)=[exp(Sω/kbT)-1]-1 is the Bose occupation factor. 
     Predicted Raman spectra incorporating peak profiles for the Raman active A1-type and E2-type modes 
for n=5, 6, and 7, using ring statistics based on a model by Beeman et al. [24] as extended by Robertson,[50] 
produce excellent fits [Fig. 4(d)] to the measured Raman spectrum of g-C.  Beeman et al. model g-C as a 
nearly 2D CRN structure, formed from 15 to 20 Å diameter nearly planar rafts, comprised of 5-,6-, and 
7-membered rings (21, 59, and 21%, respectively), with very few 4- and 8-membered rings, and with little 
or no tetrahedral bonding.  The fits shown in Fig. 4(d) and the residuals shown in Figs. 9(a) and 9(b) 
demonstrate that the composite Gaussian/Lorentzian lineshape produces fits superior to those using simple 
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Gaussian lineshapes. 
     Fits shown in Fig. 4(e) are based on an alternate theoretically predicted model of g-C with negative 
curvature in a random schwarzite structure.[48]  This model does not provide as good a fit as the Beeman 
model, especially in the region of the spectrum from 1200 to 1400 cm-1.  Fits e and e' use the bond lengths 
predicted in Ref. 48 and that of graphite, respectively; the effect of bond length on the predicted Raman 
spectra is evident in the residuals shown in Figs. 9 (c) and (d).  
     Addition of neither n=4 and n=8 Raman active modes nor Raman inactive modes significantly 
improved the fits in Figs. 4(d) or (e), although it is impossible to preclude small contributions where these 
peaks overlapped the peaks listed in Table 5.[34]  Inclusion of the single Raman active peak in diamond at 
1332 cm-1 also did not improve these fits, suggesting that sp3 bonding is not common in g-C.  However, the 
diamond sp3 Raman cross-section is -50 times smaller than the sp2 cross-section which prohibits detection 
of small amounts of sp3 bonding [24,30,51]. 
     Peak widths (FWHM) for these two fits ranged from ~200 cm-1 to 350 cm-1.  These widths are 
significantly broader than widths found in Raman spectra of water- and fluorine-bearing silica glasses 
(50-120 cm-1 FWHM) [41]; this is expected, since g-C rings are less isolated from the surrounding network, 
and the 2D nature of the g-C CRN requires a larger bond distribution (estimated as 117E"6E for g-C [24]) 
than the 3D silica CRN.  The ratio, cA/cE, was near unity, as would be expected for bands of modes with 
similar motion in the same region of the spectrum. 
     Related structural models of amorphous carbon [39,42,43] should give spectra similar to Fig. 4(d).  
However, these spectra can not be predicted using the ERA because ring statistics, which determine peak 
intensity, were not provided.  The presence of appreciable sp3-bonded carbon in these models may not 
significantly alter the spectra, as discussed above.  Ring coupling to the network would be expected to be 
weaker (implying 1#η<2) for the non-planar rings in the models of Galli et al. [42] and Ho and coworkers 
[43]; a reduced η would lead to some changes in the mode frequencies [refer to Fig. 8(a)]. 
 
 
5.  Results and discussion 
 
    No generalized analytical method exists which can calculate the vibrational density of states for an 
amorphous material.  Although not a generalized method, the embedded ring approach lies in the middle 
ground between analytic approaches which typically look at isolated, small-scale structural elements and 
numerical approaches which have looked at the structure of larger clusters of atoms.  The ERA emphasizes 
the medium-range structural order found in amorphous materials by investigating the dynamics of a 
statistical distribution of symmetric, planar rings of diverse size with an effective coupling force constant to 
model the effect of the embrasive network on the ring's vibrational modes. This approach uses simple, 
first-principle, classical methods which are easy to implement and provide a methodology for modeling the 
dynamics of local structures. 
     One can either fit the vibrational spectra using ring-size distributions from structural models, as was 
done in this paper, or extract ring statistics from fits to the data, as was done in Ref. [34].  Fits to Raman 
spectra of several forms of disordered graphitic carbon, based on previous structural models incorporating 
ring statistics, proved quite satisfactory.  It is also relatively straightforward to model other vibrational 
spectra (e.g., infrared and inelastic neutron scattering [52]) or match theoretical VDOS.   We are presently 
extending ERA calculations to include out-of-plane vibrational modes for symmetric planar rings. 
     The ERA is most applicable to 2D covalent amorphous materials which can be modeled as continuous 
random networks and are characterized by their ring size distribution.  Thus, the approach is applicable to 
a wide range of materials with scientific and technological interest.  The simplest materials to study are 2D 
amorphous materials with monatomic composition, such as disordered graphitic carbon discussed above.  
These initial results suggest that the embedded ring approach has significant potential as a simple method to 
model the vibrational dynamics of CRN materials using rings as a medium-range structural unit, 
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particularly in situations that do not allow the rings to completely decoupled from their surroundings. 
     Additional materials need to be examined using the ERA to verify its efficacy.  Two-dimensional 
CRN amorphous materials with polyatomic composition, such as amorphous As2Se3, As2S3, and As2O3, 
would provide additional test cases for the ERA.  Layered materials with various degrees of disorder could 
also be investigated (e.g., boron nitride, several of the metal halides and metal dichalcogenides, and the 
cuprate superconductors displaying oxygen vacancy disorder).  In addition to 2D CRN's, the ERA should 
also be valid for 3D amorphous materials which contain planar rings (for example, SiO2- and B2O3-based 
glasses).  Although ring-network decoupling would occur for certain vibrational modes in these materials, 
other materials would not exhibit this phenomenon.  Such ring-network coupling is accommodated by our 
introduction of a coupling force constant. 
     The ERA could also be extended to covalent 3D amorphous materials by examining the vibrational 
dynamics of polyhedra-forming atomic clusters in the 3D network [3].  The polyhedra would be 3D 
analogues of 2D planar rings, and modified vibrational modes for isolated polyhedra embedded into an 
embrasive network could be determined by the same methods as outlined in this work.  Such an 
"embedded polyhedron approach" would have wider application and utility than the ERA, but more 
in-depth research on the ERA is required before undertaking extension to 3D amorphous solids. 
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Fig. 1.  (a) Triangular cluster of four atoms from a covalent A2B3-type amorphous material, (b) rings 
formed from groups of such clusters, (c) Zachariasen schematic of a 2D CRN comprised of diverse sized 
rings, and (d) corresponding ring statistics. 
 
 
 
Fig. 2.  Structural model for the embedded ring approach for a 2D amorphous material with (a) monatomic 
composition and (b) polyatomic composition.  The three force constants used are indicated schematically 
in (a).  (c)  The internal coordinate system for the valence force model. 
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Fig. 3.  Fundamental in-plane modes of oscillation for the 7-membered ring. 
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Fig. 4  First-order Raman spectra of (a) graphite, (b) nanocrystalline graphite, (c) C60 (d) quasi-2D CRN 
model of evaporated (graphitic) amorphous carbon, and (e) negative curvature random schwarzite model of 
amorphous carbon.  Curves show least-square fits to the data. Fitting parameters are listed in Table 5.  
Ring statistics are shown in the insets.  The solid (fit d) and dashed (fit d') curves in (d) use Gaussian and 
convolved Gaussian/Lorentzian lineshapes, respectively.  Contributions from each component 
Gaussian/Lorentzian peak (dashed curves) are also shown in (d).  Solid (fit e) and dashed (fit e') curves in 
(e) use Gaussian/Lorentzian lineshapes with bond lengths t=1.46 Å and t=1.42 Å, respectively. 
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Fig. 5  (Top) In-plane A1g and E2g modes of oscillation of 6-membered embedded rings.  These are the 
only Raman active modes of an isolated 6-membered ring.  (Bottom) E2g-like (circles) and A1g-like 
(triangles) mode frequencies of polycyclic aromatic hydrocarbons versus number of 6-membered rings.  
Filled symbols indicate that cartesian displacement diagrams were available to aid in assignment of the 
modes; assignment for the open symbols is somewhat less certain.  Molecular structures are shown in the 
inset: (a) benzene [38], (b) napthalene [38,39], (c) anthracene [38,39], (d) phenanthrene [39], (e) tetracene 
[38], (f) chrysene [40a], (g) pyrene [38,39,40d], (h) triphenylene [38,40b], (i) pentacene [38], (j) perylene 
[38,40d], (k) benzo(g,h,i)perylene [38,40c], (l) coronene [38,39], (m) ovalene [38], (n) 
tribenzo(a,g,m)coronene [41], (o) hexobenzocoronene-A [37], and hexobenzocoronene-B [37].  The 
dashed lines show the frequencies of the E2g and A1g modes in large nanocrystalline graphite; the solid line 
indicates the frequency change with domain size of these modes [31].   The range of the number of rings 
(.15-75) in 10 Å to 20 Å diameter amorphous carbon rafts is also indicated. 
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Fig. 6.  Two mass-spring system (a), rigid wall-mass-spring system (b), and embedded mass-spring system 
(c) used to illustrate the coupling force constant and loss of degeneracy in the embedded ring system. 
 
 
 
 
Fig. 7.  Dependence of the ratio of the coupling force constant to the bond-stretching force constant, η/fc/fr, 
on the values of bond-angle bending constant, fΘ/t2 and bond-stretching force constant, fr, when constrained 
to match the experimental frequencies of nanocrystalline graphite.  The dashed line indicates the values 
subject to the additional constraint, fc=ηfr.  The symbol, #, corresponds to the values when fc=2fr.  The 
symbols, M, represent values of fΘ/t2 and fr cited in the literature [24,44]. 
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Fig. 8.  Eigenfrequencies ω of the A1- and E2-type modes for n=4,5,6,7 and 8 as a function of (a) the force 
constant ratio η, (b) the bond length t, and (c) the Raman excitation laser energy.  The horizontal lines 
indicate the values listed in Table 4.  The frequency curves are denoted as follows: 1-8A1g, 2-7A1', 3-6A1g, 
4-5A1', 5-4A1g, 6-8E2g, 7-7E2', 8-6E2g, and 9-5E2'. 
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Fig. 9  Residuals of the fits to Raman spectrum of graphitic amorphous carbon based on (a) fit d, (b) fit d', 
(c) fit e and (d) fit e' , as listed in Table 5 and plotted in Figs. 4(d) and 4(e). 
 
 
Table 1.  Embedded ring vibrational species:  In-plane, fundamental, and Raman active modes. 
 
 
Ring 
size 
 
In-plane modes 
 
Fundamental modes 
 
Raman 
active 
modes 
 
4 
 
 A1g, A2g, B1g, B2g, E1u 
 
 Γin-plane = A1g + B1g + B2g + E1u 
 
A1g, B1g, B2g 
 
5 
 
 A1N, A2N, E1N, E2N 
 
 Γin-plane = A1N + E1N + 2 E2N 
 
A1N, E2N 
 
6 
 
 A1g, A2g, B1u, B2u, E1u, E2g 
 
 Γin-plane = A1g + B1u + B2u + E1u + 2 E2g 
 
A1g, E2g 
 
7 
 
 A1N, A2N, E1N, E2N, E3N 
 
 Γin-plane = A1N + E1N + 2 E2N + 2 E3N 
 
A1N, E2N 
 
8 
 
 A1g, A2g, B1g, B2g, E1u, E3u, E2g 
 
 Γin-plane = A1g + B1g + B2g + E1u + 2 E3u + 2 
E2g 
 
A1g, E2g 
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Table 2.  Symmetry coordinates for in-plane fundamental modes of n-membered rings.  
 
 nA1-type modes 
 
 nB1 type modes 
 
nEj-type modes 
 nB2-type modes 
 
2
n 
n
j
k=1
cos


2π
n j ( )k-2 tk
2
n 
n
j
k=1
cos


2π
n j (k-1) αk 
2
n 
n
j
k=1
cos


2π
n j (k-1) sk
2
n
n
j
k=1
sin


2π
n j (k-1) βk 
 
 
 
 
Table 3(a).  F- and G-matrices for nA1-, nB1-, nB2-, and nEj-type modes, where fc is the coupling force constant, fr is the bond-stretching 
force constant, and fΘ is the bond-angle-bending force constant.  Asterisks are redundant elements. 
 
 
 
 
 
 
  
2 
n
j
k=1
(-1)k-1 sk ,  2 
n
j
k=1
(-1)k-1 αk 
2 
n
j
k=1
tk ,  2 
n
j
k=1
sk ,  2 
n
j
k=1
αk 2 
n
j
k=1
(-1)k-1 tk ,  2 
n
j
k=1
(-1)k-1 βk 
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Table 3(b).  Generalized g-matrix elements used in the embedded ring approach for n-membered rings (n=4, 5, 6, 7, 8) in terms of internal 
coordinates.  In the expressions μ is the reciprocal mass of the ring atom, τ/t-1 is the reciprocal atom-atom bond length, σ/s-1 is the 
reciprocal atom-rigid wall distance, θn1/[(n-2)/n]π is the ring's inner bond angle, and θn2/[(n+2)/2n]π is the angle between the coupling 
bond and atom-atom bond [see Fig. 2(c)]. 
 
 
 
 
Table.  Secular equations for n-membered rings 
 
 
 
 
 
Table 4.    Fundamental, in-plane mode frequencies for graphitic amorphous carbon determined with the 
embedded ring approach, using fr=436 N/m, fΘ/t2=55 N/m and fc=2fr with t=1.42 Å.  Raman active modes 
of isolated, planar, symmetric rings are shown in italics. 
 
 
n 
 
Eigenfrequency (cm-1) 
 
4 
 
A1g (1570) 
 
B1g (1363) 
 
B2g (1145) 
 
E1u (714,1592) 
 
 
 
 
 
5 
 
A1N (1444) 
 
 
 
 
 
E1N (704,1529) 
 
E2N (1103,1542) 
 
 
 
6 
 
A1g (1360) 
 
B1u (1473) 
 
B2u (1388) 
 
E1u (684,1446) 
 
E2g (1013,1581) 
 
 
 
7 
 
A1N (1303) 
 
 
 
 
 
E1N (659,1375) 
 
E2N (947,1541) 
 
E3N (1318,1563) 
 
8 
 
A1g (1263) 
 
B1g (1516) 
 
B2g (1477) 
 
E1u (633,1320) 
 
E2g (897,1480) 
 
E3u (1225,1584) 
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Table 5.  Fitting parameters for Raman spectra of graphitic carbon. 
 
 
Fit 
 
Material 
 
Bond 
Length t 
 
Force constants 
fr and fΘ/t2  a 
 
Ring statistics 
% n={4,5,6,7,8} 
 
CA/C
E 
 
Peak widths  (cm-1) 
 
a 
 
Graphite 
 
1.42 Å 
 
436 N/m, 55 N/m 
 
{0,0,100,0,0} 
 
0 
 
ΓE=8.1* 
 
b 
 
Nanocryst. 
Graphite 
 
1.42 Å 
 
436 N/m, 55 N/m 
 
{0,0,100,0,0} 
 
1.27* 
 
ΓE=16.5*, ΓA=20.7* 
 
c 
 
C60 
 
1.42 Å b 
 
436 N/m, 55 N/m 
 
{0,38,62,0,0} 
 
1.0 
 
Γ=5.0 
 
d 
 
Amorphous 
Carbonc 
 
1.463 
Å* 
 
436 N/m, 52 N/m 
 
{0,21,59,20,0} 
 
1.13* 
 
σE=85.3*, σA=147.8* 
 
d' 
 
 
 
1.461 
Å* 
 
436 N/m, 52 N/m 
 
{0,21,59,20,0} 
 
1.06* 
 
σE=74.0*,ΓE=16.5, 
σA=130.6*,ΓA=20.7 
 
e 
 
Random 
Schwarzited 
 
1.46 Å d 
 
436 N/m, 52 N/m 
 
{0,6,66,26,2} 
 
0.95* 
 
σE=74.3*,ΓE=16.5, 
σA=127.8*,ΓA=20.7 
 
e' 
 
 
 
1.42 Å 
 
436 N/m, 55 N/m 
 
{0,6,66,26,2} 
 
0.94* 
 
σE=71.5*,ΓE=16.5, 
σA=130.6*,ΓA=20.7 
 
*Adjustable fitting parameters.  a All calculations used fc=2fr.  b Ref. 47.  c Ref. 24.  d Ref. 48. 
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